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SOME CRITERIA FOR REGULAR AND GORENSTEIN LOCAL
RINGS VIA SYZYGY MODULES
DIPANKAR GHOSH
Abstract. Let R be a Cohen-Macaulay local ring. We prove that the nth
syzygy module of a maximal Cohen-Macaulay R-module cannot have a semid-
ualizing direct summand for every n > 1. In particular, it follows that R is
Gorenstein if and only if some syzygy of a canonical module of R has a non-
zero free direct summand. We also give a number of necessary and sufficient
conditions for a Cohen-Macaulay local ring of minimal multiplicity to be reg-
ular or Gorenstein. These criteria are based on vanishing of certain Exts or
Tors involving syzygy modules of the residue field.
1. Introduction
Let (R,m, k) be a commutative Noetherian local ring. Let M be a finitely gener-
ated R-module. For n > 0, let ΩRn (M) be the nth syzygy module in a minimal free
resolution ofM . We abbreviate Cohen-Macaulay (resp. maximal Cohen-Macaulay)
to CM (resp. MCM). In the study of Hochster’s Canonical Element Conjecture from
the point of view of syzygies, Dutta showed the following properties of syzygies:
Theorem 1.1. [Dut89, Corollary 1.2] Let R be a d-dimensional local ring. Assume
that depth(R) > 0. Let M be an R-module of finite length. Then:
(i) If R is CM, then only ΩRd (M) may have a non-zero free direct summand.
(ii) If depth(R) < d−1, then no ΩRn (M) can have a non-zero free direct summand.
(iii) If depth(R) = d−1, then no ΩRn (M) can have a non-zero free direct summand
for n 6= d− 1, and ΩRd−1(M) has no non-zero free direct summand if and only
if the canonical element conjecture holds true in this case.
In [Gol84], Golod introduced the notion of semidualizing module by the name of
suitable module. An R-module M is said to be semidualizing if the following hold:
(i) The natural homomorphism R→ HomR(M,M) is an isomorphism.
(ii) ExtiR(M,M) = 0 for all i > 1.
For example, R itself is a semidualizing R-module. If R is a CM local ring with a
canonical module ω, then ω is a semidualizing R-module; see, e.g., [BH98, 3.3.10].
In this article, we examine whether syzygies of an arbitrary module over a CM local
ring have semidualizing direct summands. Our result is motivated by the following
theorem of Martsinkovsky [Mar96, Proposition 7]:
Theorem 1.2 (Martsinkovsky). If R is non-regular, then no direct sum of the
syzygy modules of k maps onto a non-zero R-module of finite projective dimension.
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In [Avr96, Corollary 9], Avramov generalized this result by showing that each
non-zero homomorphic image of a finite direct sum of syzygy modules of k has max-
imal projective complexity and curvature. In this direction, we prove the following:
Theorem 3.3. Let R be a CM local ring, and M be an MCM R-module. Let L be
a non-zero homomorphic image of a finite direct sum of ΩRn (M), n > 1. Then L
cannot be a semidualizing R-module. In particular, L cannot be free, or L cannot
be an MCM R-module of finite injective dimension.
Another motivation for Theorem 3.3 is to obtain a characterization of Gorenstein
local rings via free summands of certain syzygy modules. In [Dut89, Corollary 1.3],
Dutta gave the following characterization of regular local rings.
Theorem 1.3 (Dutta). The local ring R is regular if and only if ΩRn (k) has a
non-zero free direct summand for some n > 0.
Inspired by this theorem, in [Sna10, Theorem 2.4], Snapp gave a new character-
ization of CM local rings by proving that R is CM if and only if for some n > 0,
ΩRn (R/(x)) has a non-zero free direct summand for some system of parameters x
that form part of a minimal set of generators for m. Let ω be a canonical module of
R. It is well known that R is Gorenstein if and only if projdimR(ω) is finite, which
is equivalent to saying that some syzygy module of ω is free. Therefore, in view of
the above characterizations, one may pose the following question: If some syzygy
module of ω has a non-zero free direct summand, then what can be said about the
ring? As a consequence of Theorem 3.3, we show that R is Gorenstein if and only
if ΩRn (ω) has a non-zero free direct summand for some n > 0; see Corollary 3.6.
Let (R,m, k) be a d-dimensional CM local ring. The multiplicity of R, i.e., the
normalized leading coefficient of the Hilbert-Samuel polynomial P (n) (= length of
R/mn+1 for all n≫ 0) is denoted by e(R). In [Abh67, (1)], Abhyankar showed that
e(R) > µ(m)− d+ 1,
where µ(M) denotes the minimal number of generators of an R-module M . If
equality holds, then R is said to have minimal multiplicity, or maximal embed-
ding dimension. It is well known that if k is infinite, then R has minimal multi-
plicity if and only if there exists an R-regular sequence x such that m2 = (x)m;
see, e.g., [BH98, 4.5.14(c)]. Investigations of these rings were started by Sally in
[Sal77] and [Sal79, Theorem 1], where properties of the associated graded rings,
Hilbert functions and Poincare´ series were studied. Note that every regular local
ring is CM of minimal multiplicity. But the converse is not true in general, e.g.,
R1 = k[X,Y ]/(X
2, XY, Y 2) and R2 = k[[X,Y ]]/(XY ), where X and Y are inde-
terminates, and k is a field. Note that R1 is not even Gorenstein. In this article,
we provide a number of necessary and sufficient conditions for a CM local ring of
minimal multiplicity to be regular or Gorenstein in terms of vanishing of certain
Exts or Tors involving syzygy modules of the residue field.
It can be noticed that Theorem 1.3 of Dutta is a special case of Theorem 1.2
of Martsinkovsky. In [Tak06, Theorem 4.3], Takahashi generalized Dutta’s result
in another direction. He showed that R is regular if and only if ΩRn (k) has a
semidualizing direct summand for some n > 0. Motivated by these results, in
[GGP, Corollaries 3.2 and 3.4], the author along with Gupta and Puthenpurakal
proved that if a finite direct sum of syzygy modules of k maps onto a semidualizing
R-module or an MCM (which is assumed to be non-zero)R-module of finite injective
dimension, then R is regular. In this direction, we prove the following:
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Theorem 4.1. Let (R,m, k) be a d-dimensional CM local ring of minimal multi-
plicity. Let M and N be MCM homomorphic images of finite direct sums of syzygy
modules of k. (Possibly, M = N). Then the following statements are equivalent:
(i) R is regular;
(ii) ExtiR(M,N) = 0 for some (d+ 1) consecutive values of i > 1;
(iii) TorRi (M,N) = 0 for some (d+ 1) consecutive values of i > 1.
The motivation for considering consecutive vanishing of Exts as well as Tors
in Theorem 4.1 came from the remarkable result due to Avramov and Buchweitz
[AB00, Theorem III]: If R is a local complete intersection ring, then for R-modules
M and N , the following conditions are equivalent:
(i) ExtiR(M,N) = 0 for some (codim(R) + 1) consecutive values of i > dim(R);
(ii) TorRi (M,N) = 0 for some (codim(R) + 1) consecutive values of i > dim(R);
(iii) ExtiR(M,N) = 0 = Tor
R
i (M,N) for all i > dim(R).
Let (R,m, k) be a d-dimensional CM local ring. Ulrich [Ulr84, Theorem 3.1]
gave a criterion for a CM local ring to be Gorenstein: If there exists an R-module
L with positive rank such that 2µ(L) > e(R) rank(L) and ExtiR(L,R) = 0 for all
1 6 i 6 d, then R is Gorenstein. In [HH05, Theorems 2.5 and 3.4], Hanes and
Huneke showed a few variations of this result. Recently, Jorgensen and Leuschke
gave some analogous criteria in [JL07, Theorems 2.2 and 2.4].
Theorem 1.4. [JL07, 2.2] If R has a canonical module ω, and L is a CM R-module
such that for some (R⊕ L)-regular sequence x of length dim(L),
(i) λR(mL/xL) < µ(L) (where λR(−) is the length function) and
(ii) ExtiR(L,R) = 0 for 1 + dim(R)− dim(L) 6 i 6 dim(R) + µ(ω),
then R is Gorenstein.
Inspired by these results, we prove the following theorem, which gives some
criterion for Gorenstein local rings via syzygy modules of the residue field.
Theorem 5.1. Let (R,m, k) be a d-dimensional CM local ring of minimal mul-
tiplicity. Let L be an MCM homomorphic image of a finite direct sum of syzygy
modules of k. If ExtiR(L,R) = 0 for some (d+ 1) consecutive values of i > 1, then
R is Gorenstein.
In particular, as a consequence of Theorem 5.1, we obtain that if R is CM local
of minimal multiplicity, and if a finite direct sum of syzygy modules of k maps
onto a non-zero R-module L such that G-dimR(L) = 0 (Definition 5.2), then R is
Gorenstein; see Corollary 5.3. This gives an affirmative answer to a question of
Takahashi ([Tak06, Question 6.6]) for CM local rings of minimal multiplicity.
In the same spirit, we obtain a few necessary and sufficient conditions for a CM
local ring of minimal multiplicity to be Gorenstein by using canonical modules.
Theorem 5.5. Along with the hypotheses as in Theorem 5.1, suppose also that R
has a canonical module ω. Then the following statements are equivalent:
(i) R is Gorenstein;
(ii) ExtiR(ω,L) = 0 for some (d+ 1) consecutive values of i > 1;
(iii) TorRi (ω,L) = 0 for some (d+ 1) consecutive values of i > 1.
The organization of this article is as follows. In Section 2, we give a few pre-
liminaries which we use in the next sections. Syzygies of arbitrary modules over
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CM local rings are studied in Section 3, where Theorem 3.3 is proved. This yields
a characterization of Gorenstein local rings via syzygies of canonical modules (see
Corollary 3.6). Criteria for regular local rings and some examples are given in
Section 4; while the same for Gorenstein local rings are shown in Section 5.
2. Preliminaries
Throughout this article, unless otherwise specified, all rings are assumed to be
commutative Noetherian local rings, and all modules are assumed to be finitely
generated. Moreover, (R,m, k) always denotes a local ring with the unique maximal
ideal m and residue field k. For an R-module M , and n > 0, we denote the
nth syzygy module of M by ΩRn (M), i.e., the image of the nth differential of an
augmented minimal free resolution of M . The module ΩRn (M) depends on the
choice of a minimal free resolution of M , but is unique up to isomorphism.
To prove our main results, one may assume without loss of generality that the
residue field k is infinite from the following observation:
2.1. If the residue field k is finite, we use the standard trick to replace R by
R′ := R[X ]
mR[X], where X is an indeterminate. Clearly, residue field of R
′ is k(X),
which is infinite. For every R-module M , we set M ′ := M ⊗R R
′. Note that mR′
is the maximal ideal of R′. Therefore k′ = k⊗RR
′ = R′/mR′ is the residue field of
R′. Hence we obtain the following equalities for Hilbert functions:
λR
(
m
nM/mn+1M
)
= λR′
(
m
′nM ′/m′
n+1
M ′
)
for all n > 0.
Therefore we have the following:
(i) e(m,M) = e(m′,M ′). In particular, e(R) = e(R′).
(ii) dim(M) = dim(M ′). In particular, dim(R) = dim(R′).
(iii) µ(m) = µ(m′).
Recall that R is said to have minimal multiplicity if e(R) = µ(m)−dim(R)+ 1. So
R has minimal multiplicity if and only if R′ has minimal multiplicity. In view of
(ii) and (iii), we also get that R is regular if and only if R′ is regular.
Note that R→ R′ is a flat local extension. Hence R→ R′ is faithfully flat. Since
R→ R′ is flat, for R-modules M and N , we have
ExtiR(M,N)⊗R R
′ ∼= ExtiR′(M
′, N ′) and TorRi (M,N)⊗R R
′ ∼= TorR
′
i (M
′, N ′)
for all i ∈ Z. Since R→ R′ is faithfully flat, we obtain that
ExtiR(M,N) = 0 if and only if Ext
i
R′(M
′, N ′) = 0;(2.1.1)
TorRi (M,N) = 0 if and only if Tor
R′
i (M
′, N ′) = 0.(2.1.2)
Since depth(M) = min{i : ExtiR(k,M) 6= 0}, in view of (2.1.1), we get that
depth(M) = depth(M ′). Thus M is CM (resp. MCM) if and only if M ′ is CM
(resp. MCM). Recall that an R-module M is a canonical module of R if and only if
rankk
(
ExtiR(k,M)
)
= δid, where d = dim(R).
Therefore, in view of (2.1.1), we obtain that ω is a canonical module of R if and
only if ω′ is a canonical module of R′. Moreover, it follows that R is Gorenstein if
and only if R′ is Gorenstein.
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2.2. Let M be an R-module. For every n > 1, since ΩRn (M) is a submodule of mF
for some free module F , one can easily obtain the following relation between the
socle of the ring and the annihilator of the syzygy modules:
Soc(R) ⊆ annR
(
ΩRn (M)
)
for all n > 1.
2.3. Let (R,m, k) be a CM local ring. Let x ∈ R be an R-regular element. It is not
always true that e(R) = e(R/(x)). So, if R has minimal multiplicity, then it is not
necessarily true that R/(x) has minimal multiplicity. This statement holds true if
x is an R-superficial element. Recall that an element x ∈ m is called R-superficial
if there exists a positive integer c such that(
m
n+1 :R x
)
∩mc = mn for all n > c.
It is well known that if k is infinite, then there exists an R-superficial element; see
[Sal78, page 7]. If depth(R) > 1, then for every R-superficial element x, it can
be easily shown that x /∈ m2, which yields that µ(m/(x)) = µ(m) − 1. In [Kub85,
Lemma 4(1)], it is shown that if depth(R) > 1, then every R-superficial element
is also R-regular. Moreover, if x ∈ R is both R-superficial and R-regular, then
e(R) = e(R/(x)); see [Kub85, Lemma 4(3)]. So we obtain the following:
Lemma 2.4. Let (R,m, k) be a CM local ring of minimal multiplicity. Assume that
k is infinite. If dim(R) > 1, then we may choose an R-regular element x ∈ mrm2
such that R/(x) has minimal multiplicity.
The following lemma concerns the behaviour of consecutive vanishing of Exts
and Tors after going modulo a regular element. It might be known to experts.
Lemma 2.5. Let R be a CM local ring of dimension d > 1. Suppose M and N
are MCM R-modules. Let x be an R-regular element. Set (−) := (−) ⊗R R/(x).
Suppose m and n are positive integers. If ExtiR(M,N) = 0 (resp. Tor
R
i (M,N) = 0)
for all n 6 i 6 n+m, then
Exti
R
(M,N) = 0 for all n 6 i 6 n+m− 1
(resp. TorRi (M,N) = 0 for all n+ 1 6 i 6 n+m).
Proof. Since M and N are MCM R-modules, x is regular on both M and N .
Considering the long exact sequence of Ext (resp. Tor) modules corresponding to
the short exact sequence
0 −→M
x·
−→M −→M −→ 0,
in view of ExtiR(M,N) = 0 (resp. Tor
R
i (M,N) = 0) for all n 6 i 6 n + m, we
obtain that
(2.5.1) Exti+1R (M,N) = 0 (resp. Tor
R
i+1(M,N) = 0)
for all n 6 i 6 n+m− 1. Since x is both R-regular and N -regular, we have
(2.5.2) Exti+1R (M,N)
∼= Exti
R
(M,N) and TorRi (M,N)
∼= TorRi (M,N)
for all i > 0; see, e.g., [Mat86, page 140, Lemma 2]. The result now follows from
(2.5.1) and (2.5.2). 
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3. Semidualizing summands of syzygy modules
In this section, we study the syzygy modules over CM local rings. We start by
recalling a well-known fact about syzygy modules; see, e.g., [BH98, 1.1.5]:
Lemma 3.1. Let R be a local ring, and M be an R-module. Suppose x ∈ R is
regular on both R and M . Set (−) := (−)⊗R R/(x). Then we have
ΩRn (M)
∼= ΩRn (M) for all n > 0.
We prove our main result of this section by reducing to the following base case.
Lemma 3.2. Let R be a local ring with depth(R) = 0. Suppose M is an R-module.
Let L be a non-zero homomorphic image of a finite direct sum of ΩRn (M), n > 1.
Then L cannot be a semidualizing R-module.
Proof. Assume that f :
⊕
n∈Λ
(
ΩRn (M)
)jn
−→ L is a surjective R-module homo-
morphism, where Λ is a finite collection of positive integers, and jn, n ∈ Λ, are
positive integers. Then, in view of Section 2.2, we obtain that
(3.2.1) Soc(R) ⊆ annR
(⊕
n∈Λ
(
ΩRn (M)
)jn)
⊆ annR(L).
If possible, assume that L is a semidualizing R-module. Then, by the definition of
semidualizing modules, we have HomR(L,L) ∼= R, which implies that annR(L) = 0.
So, by (3.2.1), we see that Soc(R) = 0, and hence depth(R) > 1, which contradicts
the hypothesis depth(R) = 0. Therefore L cannot be a semidualizingR-module. 
Now we can achieve one of the main results of this article.
Theorem 3.3. Let R be a CM local ring. Suppose M is an MCM R-module. Let
L be a non-zero homomorphic image of a finite direct sum of ΩRn (M), n > 1. Then
L cannot be a semidualizing R-module. In particular, L cannot be free, or L cannot
be an MCM R-module of finite injective dimension.
Proof. Set d := dim(R). Since R is CM, there exists an R-regular sequence x =
x1, . . . , xd of length d. We set (−) := (−)⊗RR/(x). So R is an Artinian local ring.
Let f :
⊕
n∈Λ
(
ΩRn (M)
)jn
−→ L be a surjective R-module homomorphism, where
Λ is a finite collection of positive integers, and jn, n ∈ Λ, are positive integers.
Tensoring f with R/(x), we get that
(3.3.1) f :
⊕
n∈Λ
(
ΩRn (M)
)jn
−→ L
is a surjective R-module homomorphism. Since x is R-regular, and M is MCM, we
have that x is an M -regular sequence. Hence, by virtue of Lemma 3.1, inductively,
it can be deduced that
(3.3.2) ΩRn (M)
∼= ΩRn (M) for all n > 1.
Therefore, in view of (3.3.1) and (3.3.2), we obtain that L is a non-zero homomor-
phic image of a finite direct sum of syzygy modules ΩRn (M), n > 1.
If possible, assume that L is a semidualizing R-module. Since x is an R-regular
sequence, by virtue of [Gol84, page 68], we have that L is a semidualizing R-module,
which contradicts the fact depth(R) = 0 as we see in Lemma 3.2. Therefore L
cannot be a semidualizing R-module.
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Since R itself is a semidualizing R-module, we obtain that L cannot be free.
For the last part, without loss of generality, we may assume that R is complete.
Then R has a canonical module ω, say. It is well known that every MCM R-module
of finite injective dimension can be written as a direct sum of copies of ω; see, e.g.,
[Eis95, Corollary 21.14]. Since canonical module ω is a semidualizing R-module
([BH98, 3.3.10]), in view of the first part, we obtain that L cannot be an MCM
R-module of finite injective dimension. 
As an immediate corollary of Theorem 3.3, we obtain the following result.
Corollary 3.4. Let R be a d-dimensional CM local ring. Suppose M is an R-
module, not necessarily MCM. Then ΩRn (M) (n > d + 1) cannot have a non-zero
direct summand L of the following types:
(i) L is a semidualizing R-module.
(ii) L is a free R-module.
(iii) injdimR(L) is finite.
Proof. Note that every non-zero syzygy module ΩRn (M) (where n > d) is an MCM
R-module; see, e.g., [BH98, 1.3.7]. Since ΩRd (M) is MCM, (i) and (ii) simply
follows from Theorem 3.3. For (iii), note that any non-zero direct summand of
ΩRn (M) (where n > d + 1) is also an MCM R-module. Therefore (iii) also follows
from Theorem 3.3. 
The following elementary example shows that there exists an R-module M such
that for every 0 6 n 6 d, ΩRn (M) has a non-zero free direct summand.
Example 3.5. Let R be a d-dimensional CM local ring. Let x1, . . . , xd be an
R-regular sequence. Fix n with 1 6 n 6 d. Recall that the Koszul complex
K•(x1, . . . , xn;R) takes the form
0 −→ R −→ R(
n
n−1
) −→ R(
n
n−2
) −→ · · · −→ R(
n
1
) −→ R −→ 0.
Moreover, since x1, . . . , xn is an R-regular sequence, we have that K•(x1, . . . , xn;R)
is a minimal free resolution of R/(x1, . . . , xn). Hence Ω
R
n (R/(x1, . . . , xn)) = R for
every 1 6 n 6 d. We set
M := R⊕R/(x1)⊕R/(x1, x2)⊕ · · · ⊕R/(x1, . . . , xd).
Clearly, for every 0 6 n 6 d, R is a direct summand of ΩRn (M).
As an application of Theorem 3.3, we obtain the following characterization of
Gorenstein local rings via syzygies of canonical modules.
Corollary 3.6. Let R be a CM local ring with canonical module ω. Then the
following statements are equivalent:
(i) R is Gorenstein;
(ii) ΩRn (ω) has a non-zero free direct summand for some n > 0.
Proof. If R is Gorenstein, then ΩR0 (ω) = ω
∼= R. For the other implication, suppose
that ΩRn (ω) has a non-zero free direct summand for some n > 0. Then, by virtue of
Theorem 3.3, n must be equal to 0. Thus ω has a non-zero free direct summand,
and hence R has finite injective dimension, i.e., R is Gorenstein. 
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Remark 3.7. It can be observed that in the proof of Corollary 3.6, we only use
that ω is an MCM R-module of finite injective dimension. Hence, in Corollary 3.6,
canonical module ω of R can be replaced by an arbitrary MCM R-module of finite
injective dimension.
4. Criteria for regular local rings
In this section, we obtain a few criteria for CM local rings of minimal multiplicity
to be regular in terms of vanishing of certain Exts or Tors involving syzygy modules
of the residue field.
Theorem 4.1. Let (R,m, k) be a d-dimensional CM local ring of minimal multi-
plicity. Let M and N be MCM homomorphic images of finite direct sums of syzygy
modules of k. (Possibly, M = N). Then the following statements are equivalent:
(i) R is regular;
(ii) ExtiR(M,N) = 0 for some (d+ 1) consecutive values of i > 1;
(iii) TorRi (M,N) = 0 for some (d+ 1) consecutive values of i > 1.
Proof. (i) =⇒ {(ii) and (iii)}: Let R be a regular local ring. Then, by virtue of
the Auslander-Buchsbaum Formula, we obtain that every MCM R-module is free.
Therefore M is a free R-module, and hence
ExtiR(M,N) = 0 = Tor
R
i (M,N) for all i > 1.
{(ii) or (iii)} =⇒ (i): By the observations made in Section 2.1, we may assume
that the residue field k is infinite. We prove the implications (ii) ⇒ (i) and (iii)
⇒ (i) by using induction on d. Let us first consider the base case d = 0. In this
case, R has minimal multiplicity is equivalent to saying that m2 = 0. Therefore, in
view of Section 2.2, we have that m ⊆ Soc(R) ⊆ annR(Ω
R
n (k)) for all n > 1. Thus
mΩRn (k) = 0 for all n > 0. Since M and N are homomorphic images of finite direct
sums of syzygy modules of k, we obtain that mM = 0 and mN = 0. Therefore M
and N are non-zero k-vector spaces. So ExtiR(M,N) = 0 for some i > 1 yields that
ExtiR(k, k) = 0 for some i > 1, which gives that projdimR(k) is finite, and hence
R is regular. For another implication, TorRi (M,N) = 0 for some i > 1 yields that
TorRi (k, k) = 0 for some i > 1, which also implies that projdimR(k) is finite, and
hence R is regular.
We now give the inductive step. We may assume that d > 1. Therefore, in view
of Lemma 2.4, there exists an R-regular element x ∈ mr m2 such that R/(x) has
minimal multiplicity. We set (−) := (−) ⊗R R/(x). So R is a (d − 1)-dimensional
CM local ring of minimal multiplicity. Since M and N are MCM R-modules, and
x is R-regular, we get that x is regular on both M and N . Hence M and N are
MCM R-modules. Let
f :
⊕
n∈Λ′
(
ΩRn (k)
)j′
n −→M and g :
⊕
n∈Λ′′
(
ΩRn (k)
)j′′
n −→ N
be surjective R-module homomorphisms, where Λ′ and Λ′′ are finite collections of
non-negative integers, and {j′n, j
′′
n} are positive integers. Tensoring f and g with
R/(x), we obtain that
(4.1.1) f :
⊕
n∈Λ′
(
ΩRn (k)
)j′
n
−→M and g :
⊕
n∈Λ′′
(
ΩRn (k)
)j′′
n
−→ N
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are surjective R-module homomorphisms. By virtue of [Tak06, Corollary 5.3], for
all n > 0, we have
(4.1.2) ΩRn (k)
∼= ΩRn (k)⊕ Ω
R
n−1(k) [by setting Ω
R
−1(k) = 0].
So (4.1.1) and (4.1.2) together imply thatM and N are MCM homomorphic images
of finite direct sums of ΩRn (k), n > 0. In view of Lemma 2.5, Ext
i
R(M,N) = 0
(resp. TorRi (M,N) = 0) for some (d + 1) consecutive values of i > 1 yields that
Exti
R
(M,N) = 0 (resp. TorRi (M,N) = 0) for some d (= dim(R) + 1) consecutive
values of i > 1. Therefore, by induction hypothesis, we obtain that R is regular,
and hence R is regular as x ∈ m r m2 is an R-regular element. This proves the
implications (ii) ⇒ (i) and (iii) ⇒ (i), and hence the theorem. 
Remark 4.2. If (R,m, k) is a d-dimensional CM local ring, then every non-zero
syzygy module ΩRn (k) (where n > d) is MCM; see, e.g., [BH98, 1.3.7]. Hence any
non-zero direct summand of ΩRn (k) (n > d) is also MCM. Therefore, in Theorem 4.1,
M and N can be taken as any non-zero direct summands of ΩRn (k), n > d.
The following example shows that the number of consecutive vanishing of Exts
or Tors in Theorem 4.1 cannot be further reduced.
Example 4.3. Let R = k[[X,Y ]]/(XY ), where k[[X,Y ]] is a formal power series
ring in two indeterminates X and Y over a field k. We set m := (x, y), where x and
y are the images of X and Y in R respectively. Clearly, (R,m, k) is a CM local ring
of dimension 1. It can be easily seen that e(R) = 2 and µ(m) = 2. Therefore R has
minimal multiplicity. Note that we have the following direct sum decomposition:
ΩR1 (k) = m = (x, y) = (x) ⊕ (y).
We set M := (x) and N := (y). Since ΩR1 (k) is MCM (by Remark 4.2), we obtain
that M and N are MCM homomorphic images of ΩR1 (k). Considering the minimal
free resolution of M :
· · ·
x·
−→ R
y·
−→ R
x·
−→ R
y·
−→ R −→ 0,
one can easily compute the following:
TorR2i+1(M,M) = (x)/(x
2) 6= 0 for all i > 0,
TorR2i(M,M) = 0 for all i > 1,
Ext2iR (M,M) = (x)/(x
2) 6= 0 for all i > 1 and
Ext2i+1R (M,M) = 0 for all i > 0.
According to Theorem 4.1, we need at least 2 consecutive vanishing of Exts or Tors
to conclude that R is regular. In this case, R is not regular. Note that one can also
compute TorRi (M,N) and Ext
i
R(M,N) to conclude the fact.
Example 4.4. If M and N are not homomorphic images of finite direct sums of
syzygy modules of k, then Theorem 4.1 does not hold true.
(1) One can always take M = N = R. In this case, we have that ExtiR(M,N) =
0 = TorRi (M,N) for all i > 1. But there are CM local rings of minimal multiplicity
which are not regular.
(2) Suppose R is a CM local ring of minimal multiplicity, which is not Gorenstein.
(For example, R can be taken as
k[X1, . . . , Xn]/(X1, . . . , Xn)
2 for some n > 2,
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where X1, . . . , Xn are indeterminates, and k is a field). Let ω be a canonical
module of R. Clearly, ω is a non-free R-module. Setting M = N = ω, we have
ExtiR(M,N) = 0 for all i > 1, but R is not regular.
We now close this section by presenting a natural question.
Question 4.5. Can we drop the minimal multiplicity hypothesis in Theorem 4.1?
Though we have not been able to get some counterexample, but we believe that
if we omit this hypothesis, then Theorem 4.1 does not hold true.
5. Criteria for Gorenstein local rings
In this section, we provide several criteria for Gorenstein local rings via syzygy
modules of the residue field over CM local rings of minimal multiplicity. We start
with the following theorem, which is analogous to the results by Ulrich [Ulr84,
Theorem 3.1], Hanes-Huneke [HH05, Theorems 2.5 and 3.4] and Jorgensen-Leuschke
[JL07, Theorems 2.2 and 2.4].
Theorem 5.1. Let (R,m, k) be a d-dimensional CM local ring of minimal mul-
tiplicity. Let L be an MCM homomorphic image of a finite direct sum of syzygy
modules of k. If ExtiR(L,R) = 0 for some (d+ 1) consecutive values of i > 1, then
R is Gorenstein.
Proof. In view of Section 2.1, we may assume that the residue field k is infinite. We
use induction on d. We first consider the base case d = 0. In this case, we have that
L is a non-zero k-vector space as in the proof of Theorem 4.1. So ExtiR(L,R) = 0
for some i > 1 yields that ExtiR(k,R) = 0 for some i > 1, which implies that R is
Gorenstein, see, e.g., [Mat86, Theorem 18.1].
We now give the inductive step. We may assume that d > 1. So, in view
of Lemma 2.4, there exists an R-regular element x ∈ mr m2 such that R/(x) has
minimal multiplicity. We set (−) := (−)⊗RR/(x). So R is a (d−1)-dimensional CM
local ring of minimal multiplicity. As in the proof of Theorem 4.1, we get that L is
an MCM homomorphic image of a finite direct sum of ΩRn (k), n > 0. Furthermore,
in view of Lemma 2.5, ExtiR(L,R) = 0 for some (d+ 1) consecutive values of i > 1
yields that Exti
R
(L,R) = 0 for some d (= dim(R) + 1) consecutive values of i > 1.
Therefore, by induction hypothesis, we obtain that R is Gorenstein, and hence R
is Gorenstein as x is R-regular. This completes the proof of the theorem. 
Let us recall the notion of G-dimension, due to Auslander and Bridger [AB69].
Definition 5.2. An R-module M is said to have G-dimR(M) = 0 if the natural
map M → M∗∗ is an isomorphism, and ExtiR(M,R) = 0 = Ext
i
R(M
∗, R) for all
i > 1, where (−)∗ := HomR(−, R).
As a consequence of Theorem 5.1, we obtain the following result.
Corollary 5.3. Let (R,m, k) be a CM local ring of minimal multiplicity. If a finite
direct sum of syzygy modules of k maps onto a non-zero R-module L such that
G-dimR(L) = 0, then R is Gorenstein.
Proof. In view of the Auslander-Bridger Formula ([AB69, Theorem (4.13)(b)]), since
R is CM and G-dimR(L) = 0, we obtain that L is MCM. Since G-dimR(L) = 0, we
also have ExtiR(L,R) = 0 for all i > 1. So the result follows from Theorem 5.1. 
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Remark 5.4. In [Tak06, 6.6], after proving Theorem 6.5, Takahashi raised the fol-
lowing question which is still open: If ΩRn (k) has a non-zero direct summand of
G-dimension 0 for some n > depth(R) + 2, then is R Gorenstein? Corollary 5.3
(in particular) provides an affirmative answer to this question for CM local rings
of minimal multiplicity.
We now give a few criteria for Gorenstein local rings in terms of vanishing of
certain Exts or Tors involving canonical modules.
Theorem 5.5. Let (R,m, k) be a d-dimensional CM local ring of minimal mul-
tiplicity. Suppose R has a canonical module ω. Let L be an MCM homomorphic
image of a finite direct sum of syzygy modules of k. Then the following statements
are equivalent:
(i) R is Gorenstein;
(ii) ExtiR(ω,L) = 0 for some (d+ 1) consecutive values of i > 1;
(iii) TorRi (ω,L) = 0 for some (d+ 1) consecutive values of i > 1.
Proof. (i) =⇒ {(ii) and (iii)}: If R is Gorenstein, then ω ∼= R. Hence we have
ExtiR(ω,L) = 0 = Tor
R
i (ω,L) for all i > 1.
{(ii) or (iii)} =⇒ (i): Without loss of generality, we may assume that the residue
field k is infinite. As before, to prove these implications ((ii) ⇒ (i) and (iii) ⇒
(i)), we use induction on d. We first assume that d = 0. In this case, we have
that L is a non-zero k-vector space. So ExtiR(ω,L) = 0 for some i > 1 yields that
ExtiR(ω, k) = 0 for some i > 1, which gives that projdimR(ω) is finite, and hence R
is Gorenstein. For another implication, TorRi (ω,L) = 0 for some i > 1 yields that
TorRi (ω, k) = 0 for some i > 1, which also implies that projdimR(ω) is finite, and
hence R is Gorenstein.
For the inductive step, we assume that d > 1. In view of Lemma 2.4, there
exists an R-regular element x ∈ mrm2 such that R/(x) has minimal multiplicity.
We set (−) := (−) ⊗R R/(x). So R is a (d − 1)-dimensional CM local ring of
minimal multiplicity. As before, we get that L is an MCM homomorphic image of
a finite direct sum of ΩRn (k), n > 0. Since ω is a canonical module of R, it is well
known that ω is a canonical module of R. By virtue of Lemma 2.5, ExtiR(ω,L) = 0
(resp. TorRi (ω,L) = 0) for some (d + 1) consecutive values of i > 1 yields that
Exti
R
(ω,L) = 0 (resp. TorRi (ω,L) = 0) for some d (= dim(R)+1) consecutive values
of i > 1. Therefore, by induction hypothesis, we obtain that R is Gorenstein, and
hence R is Gorenstein. This proves the implications, and hence the theorem. 
Remark 5.6. It can be noticed that in the proof of Theorem 5.5, it is only used that
ω is an MCM R-module of finite injective dimension. Therefore, in Theorem 5.5,
one can replace ω (canonical module of R) by an arbitrary MCM R-module of finite
injective dimension.
We now analyze a few examples.
Example 5.7. In Theorems 5.1 and 5.5, the number of consecutive vanishing of
Exts or Tors cannot be further reduced. Let (R,m, k) be an Artinian local ring
such that m2 = 0 and µ(m) > 2. (For example, R can be taken as
k[X1, . . . , Xn]/(X1, . . . , Xn)
2 for some n > 2,
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whereX1, . . . , Xn are indeterminates). Clearly, the ring R has minimal multiplicity,
and it is not Gorenstein. Let L be a non-zero homomorphic image of a finite direct
sum of syzygy modules of k. Since R is Artinian, L is an MCM R-module. In
this case, we need at least one (= dim(R)+1) vanishing of ExtiR(L,R), Ext
i
R(ω,L)
or TorRi (ω,L) to conclude that R is Gorenstein. So the number of consecutive
vanishing of Exts or Tors cannot be further reduced.
Example 5.8. If L is not a homomorphic image of a finite direct sum of syzygy
modules of k, then Theorems 5.1 and 5.5 do not hold true. For example, taking
L = R in Theorems 5.1 and 5.5, we have that ExtiR(L,R) = 0 = Tor
R
i (ω,L) for all
i > 1; while L = ω in Theorem 5.5 yields that ExtiR(ω,L) = 0 for all i > 1. But
there are CM local rings of minimal multiplicity which are not Gorenstein.
As before, we may now ask the following natural question:
Question 5.9. Can we omit the hypothesis that R has minimal multiplicity in
Theorems 5.1 and 5.5?
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